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Abstract

This research delves into the examination of weak solutions for boundary value
problems associated with nonlinear partial differential equations. Utilizing the variational
method, we explore the conditions necessary and sufficient for the existence and
uniqueness of these weak solutions. Furthermore, we provide practical demonstrations
by solving specific examples of nonlinear problems involving partial differential
equations. The study concludes with an analysis of the benefits and limitations inherent
in employing the variational method for such investigations.
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1. INTRODUCTION

The study of nonlinear partial differential equations (PDES) encompasses a wide array
of physical phenomena and mathematical challenges. The pursuit of weak solutions for

boundary value problems in this context is of paramount importance, as it sheds light on
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the existence and uniqueness of solutions using the variational method. In this paper,
we embark on an exploration of the variational approach to ascertain the criteria for the
existence and uniqueness of weak solutions. Variational methods have been widely
employed to study nonlinear PDEs due to their ability to provide insights into the
existence and uniqueness of solutions. The work of [1] extensively explores variational
techniques in the context of PDESs, highlighting their versatility in handling a broad class
of nonlinear problems. The connection between weak solutions and variational methods
has been a focal point in research. [2] presents a comprehensive overview of weak
solutions and their relation to variational calculus, emphasizing their significance in
nonlinear PDEs. The application of variational methods in solving nonlinear PDEs is
well-documented in [3]. Also, [3] discuss the applications of variational techniques in the
study of nonlinear elliptic and parabolic equations, providing valuable insights into their
efficacy. Understanding the benefits and limitations of variational methods is crucial for
researchers in the field. The work of [4] offers a comprehensive perspective on the
advantages and. challenges associated with variational techniques in nonlinear PDEs.
This research also aims to solve specific nonlinear problems involving PDEs, thereby

illustrating the practical application of the variational method.
2. PRELIMINARY

Definition (Weak Solution) 2.1. A weak solution (also referred to as generalized
solution) to an ordinary differential equation or partial differential equation is a function
for which the derivatives may not all exist but which is none the less deemed to satisfy

the equation in some precisely defined sense.

Definition (Variational Method) 2.2. The variational methods for boundary value
problem requires notions and properties of function spaces, and notions, properties
from operator theory and their applications in variational principle. Let's look at the
treatment of definitions, notions and results from function spaces, operator theory and

variational principle.
example of the equation

h(x) = 0 (2.2.0)

Copyright © 2024 IEEE-SEM Publications



IEEE-SEM, Volume 12, Issue 1, January 2024
ISSN 2320-9151 3

whereh(x)is a continuous real function on R. The problem of determining the local

extremum (e. g., the minimum) of the function H which is a primitive of h, i.e., for which
H'(x) = h(x) (2.2.1)

is valid for every x € R. In essence, if a point x, € R exists at which the function H(x)
assumes its local minimum, then the derivative H (x) necessarily vanishes by familiar
theorems of classical analysis and x, is thus the solution of equation (2.2.0). This is just
the idea which we will wish to exploit to ensure the existence of the solution of the

operator equation
Au=f (2.2.2)

In particular, we will be interested in the case when A is a differential operatorandX =

V, where Vis the reflexive Banach space. The expression
Au—f

will take the role of the function h in equation (2.2.0); however, when constructing the
‘primitive’ H the following problem is immediately encountered: what really is the

‘derivative’ in the case?

Equation (2.2.2) is solved in the space X. Therefore, we first develop a theory of
differentiation for a functional, defined on normed linear space. The problem is then that
of associating, with the operator A, a functional F defined on Xin such a way that its

‘derivative’ is the expression
Au—f.

We will try to prove that the functional F has a minimum on the space X. If the analogue
of the corresponding theorem from calculus is still valid (i.e if it holds that the derivative
of the functional F vanishes at the point of the minimum), this will also serve as the
proof of the existence of the weak solution of boundary value problem for the formal

differential operator Au — f.

Definition (Nonlinear Partial Differential Equations) 2.3. A partial differential
equation F(X,U,..,D%) =0 is called nonlinear partial differential equation if the

function F(X, U, ..., D*u) is not linear in any of the arguments (U, ..., D%u).
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3. SOLUTIONS

The central idea revolves around the exploration of weak solutions for boundary value
problems associated with nonlinear partial differential equations using the variational
method. This involves the establishment of necessary and sufficient criteria for the
existence and uniqueness of weak solutions. We shall consider specific examples of
nonlinear partial differential equations to check if boundary value problems have at least

one weak solution

Example 3.1. Show that the boundary value problem
—Au+ululP 2 = fon,u=¢ondn.

has at least one weak solution.

Solution

Here, we need to show that the boundary value problem stated above has at least one
weak solution. Therefore, recall the general form of partial differential equation of order
2k

Z (—D1¥ Deag(x, Su(x)) = F(x) (3.1.0)

|a|sk
We now seek to obtain the coefficient of a,. From the example, we have

0°u  0%u 62u)

N
.0 _
= Z(—l)‘ﬁ(m) + 1571,
i=1 L
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N
z .0
— _1 i . p—2+1

DN
= > (D' + Inol” ™ = £() (3.11)

Comparing (3.1.1) with (3.1.0), we have
a; =n; and ay = |no|P™*

We now investigate the equation above to see if there exist at least one weak solution
by verifying that the conditions of theorem on existence of weak solution in chapter

three are satisfied by the coefficients a; = n; and aq = [no|P~%.

To show that a,(x,n) € CAR*(p), we show that the coefficient a, satisfy the growth

conditions below

N N
la;| =n; < Z|7Ii|p_1 < ¢ |gi(x) +lnolP + Z|7Ii|p_1].
i=0 i=1

Andlag| = [nolP7t < TilolmilP™ < i[9 (%) + o lP™ + Ziglm:1P71]
wherec; = 1,9;(x) =0,i=12,...,N,1 <p < N.

For p > N, we have

N
mm+2mw1
i=0

N
laal = < ) P < cillnol)
i=0

and

mm+2mw1
i=0

Wherec;(Ino]) = 1,9;(x) =0,i =1,2,...,N,p > 1,p > N.

N
Jaol = 1olP™ < Y ol < il
i=1

This shows that the coefficients a; = n;and aq = |no|P~! satisfy a;(x,n) € CAR*(p) for all
p > 1andso a,(x,n) € CAR*(p) is verified.
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We now show that the potentiality condition is satisfied. That is
aep(x,m) = agq(x,n)andn,aqp(x,n) € CAR*(p) hold,
Now

da; _day  OlnolP™"

a’i'(xr ) = - - =0.
je an;  on; on;
da; _ On;
Qi m) = 5=t = 0
) = e on;

Therefore a;;(x,n) = a;;(x,n) = 0
Since a;;(x,n) = 0, then

nia;;(x,m) =0

N
= |ma;; e, )| = 10] < ZMilp_l <g
i=0

N
916 + ol ™1+ zmup-ll
i=0
wherei=12,..,N,c; =1,9;(x) =0,p > 1. That is

a;j(x,n) = a;;(x,n)andn;a;;(x,n) € CAR*(p) are satisfied

We now show that the monotonicity condition is satisfied. That is

D 1eaGem) = ag (6,1 (g = e 2 0

|a|sk

holds for all n,y € R™, now

> 120t = ag(x 101 = 1)

|a|<k

N
= e — aCo I - 7 + (@G m) = agCe 1)) o = 7o)

L

N
= =y = v + Unol?™ = o~ = 7o)

Copyright © 2024 IEEE-SEM Publications



IEEE-SEM, Volume 12, Issue 1, January 2024
ISSN 2320-9151

N
1=y @i = ) + (ol = IyolP )10 = ¥0) 2 0

If No > Yo O Yo < No then
N
D 1=y @ =) + (ol ™ = IyolP )10 = v0) = 0
i=1
Therefore, the monotonicity condition above is satisfied

Finally, we show that the coercivity condition holds.

Z ag (X, M) Ng = ¢4 Z [N¢IP + c2|nol? — 3 (3.1.2)
|a|<k la|=k

But

N

Z ag(x, ) Ny = Z(ni)m + [nolP~ 110

|la|<k i=1

N
-1
=Zm2+n§ Mo
i=1
N
-1+1
=Zm-2+n§ *
i=1

N
= ZU? +nb
i=1

Put
N
Z aa(x:n) Ng = anz + ng
lal<k i=1

in equation (3.1.2)
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N
Zmz+n§261 z [7gP + c2|nol? —c3 =
i=1 |al=k

N
ne _Clzlnilp +n8 —colnelP +¢c3 =20 =
i—-1

i

N
M= ) Il + (= ) + ¢ 2 0 (313)

-1

i

We choose

-1

N
€ = <Z|Tli|p> 6 =1,¢c3=2
i—1

then by substitution into (3.1.3) we have

N -1

N N
Zn?—(ZImI”) XY P - D+220 =
i-1 i

i—-1

=1

N
n-1+2=20 =
=1

l

N
Zn§+1zo
i=1

Therefore, the coercivity condition is satisfied and the boundary value problem under
consideration has at least one weak solution.

Example 3.2. Verify that the Dirichlet problem

N
25l
= axi

has at least one weak solution.

P2 u
axl-

ou

axi

>=f(x) onN,u = ¢ onadN
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Solution

We first find the coefficient of a,, as follows

i 9 (1247 9% _ o
- axi axi axi B f x
i=1

_i( 2 (6u)p_2 ou

B - axi axi axi
i=1
— _ [

=1

N
_ ;(—1)i%(§—;)

p—1

p—1

= 2(—1)%(5—;) — f()

Comparing this with (3.1.0), we have a; = |n;|?"! and a, = 0. We now want to

investigate to see whether or not Example 3.2 has at least one weak solution by

verifying the conditions

We first verify the growth condition

N
jail = el < ) e
i=0

<

N
gi(x) + InolP~ + Z|7li|p_1],

i=1

wherec; =1,g9,(x) =0,i =1,2,..,N,1 <p < N.

Forp > N, we have

N
jail = el < ) e
i=0
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N
< ex(Inob) [gioo v 2"'”“]

Where ¢c;(Inol) =1,9;:(x) =0,i =1,2,...,N,p > 1,p > N.

This shows that the coefficients a; = |n;|P~! satisfy a; € CAR*(p) for all p > 1 and so
a,(x,n) € CAR*(p) is verified.

We now show that the potentiality condition is satisfied. That is
aqp(x,m) = agq(x,n)andnga.p(x,n) € CAR*(p) hold
Now

Oai an alr]ilp_l 6al- aa]
.. ) = —_—= = 0 = = —_— = .. ,
ai; (1) on; Mo no on 4%, m)

and

N N
|nia:;jCem)| = 10] < Zlnilp_l < ¢ [gi(x) + InolP~t + Z|77i|p_1]
i=1 i=1

wherei = 1,2,..,N, L = 1,gl(X) = O,p > 1. That is aij(x,n) = aﬁ(x,n) and maij(x,n) €
CAR*(p) are satisfied.

We now show that the monotonicity condition is satisfied, that is

D 1eaGem) = ag (6,1 (g = e 2 0

|a|sk

holds for all ,y € R™. Now

> 120 = ag(x 1] Ol = 1)

|a|sk
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N
= D e m = a0 =7 + (a6 m) = a0 (1)) 0o — ¥0)

L

N
= D UnlP™ = IlP™)(1 = v + 0 + 0010 = 7o)

i=1
N
= D Ul = PG = v) 2 0
i=1

Now if n; >y;, then |n;|P~1 > |y;|P~! and so n; —y; > 0. Therefore the monotonicity

condition holds.

Finally we show that (3.1.2)holds.

D e iaz e ) Inal? +calnel? = ¢ (312)
|al<k la|=k

But

N N
Z ag (X, M Ny = Zlml”‘lm = zlml”
i=1 i=1

|la|sk

Therefore from (3.1.2), we have

N
Dl = ey D nal? + calnol? = cs
i=1

lal=k

N N
D lP =1 Y Il = eolnol? + ¢ 2 0
i=1 i=1

Choose

-1

N
€ = (Zlmlp> 62 =0,c3=2
i=1

We have by substitution
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N
Z|m|r’ +1>0
i=1

Therefore (3.1.2) holds and the boundary value problem has at least one weak solution.
Example 3.3. Consider the formal differential operator
—Au + |u|’u = Auon

wheres is a positive parameter. Show that the problem above has at least one weak

solution in the W12(2) under Dirichlet boundary value condition.
ForsZOwhenN=2andss£whenN>2,we havep >s+1

Solution

—Au + |u|’u = Au

0 ou
—Au + |ul*u = —Z—<—> + |ul5u
- Oxl- axl-
i=1
N
— Z(_1)11<a_u) + us+1
= (')xi (')xi

PPN
= D (=D = @) + nol**? (3:30)

Comparing (3.3.0)with (3.1.0), we have a; = n; and a, = |n,|***
We now show that a, € CAR*(p) by verifying the growth conditions.
Since p = 2and N > 2, then we cannot have the case of p > N.

Forp <N

N
ol = il < ) el
i=1
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N
<0 [gi(x) + nolP~ + 2|7li|p_1],
i=1

Wherei = 1,2, ..., N.

N N
laol = ol < D nolP™ < ¢ | @) + o P + Zw*]
i=1 i=1

Wherec; =1,g,(x) =0,i =1,2,...,N.

and

lao| = |770|S+1 < InolP < ¢

N
GoG) + Il + Emilp-ll
i=1

c=1Lg,x)=1p=s+1,p=0
This shows that a, € CAR*(p),i = 0,1,2,...,N,forp < N
We now show that the potentiality condition is satisfied. That is
Qo (,1) = aga(x,m)andngas(x, 1) € CAR' (p)

da; dag dlnol**! —0
an; ony on;

aij (x,m) =

da; da; an;
aj(x,m) =L =-—=—2

e e = ome 0, therefore a;;(x,n) = a;;(x,n) and we also show that

n;a;;(x,n) € CAR*(p)as follows

N
|miaijCo,m)| =101 < ¢ [g:(x) + ;P +Z|77i|p]

=0

Wherec; =1,9;,(x) =0,i=1,2,...,N,p=0,p>2,p<N

we now show that the monotonicity condition holds
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> [aa(em) = au (6] 0o = ) 2 0

|a|sk

holds for all ,y € R™. Now

D [ae(rm) = (1) (e = o)

|a|<k

N
= D e — aCo I = 7 + (@G m) = agle, 1) o = 7o)

L

N
= Z(m —y) M —v) + UnF* + vt (o — vo)
i=1

N
= =y + (0l 4 il @ — 7o) 2 0

=1

Now if (n; —y;)? > 0, then |n;|5** > |y;|**tand so n, — y, > 0, therefore the monotonicity

condition holds.

Hence the expression

> [aaCem) = aa (6] 0o = 7o) 2 0

|a|sk

Next we show the coercivity condition holds

aQt MM 2 61 ) [al? + calnol? = 4
la|<k lal=k

But

N
Z a,(x,mMng = Z(m)m + 101+ 10
i=1

|a|<k
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N
= Z(m)z +n5t?
i=1

By substitution, we have

N
Z(Ui)z +n5tt = z [N¢IP + c2|n0l? — 3
i=1 |a|=k

N N
Z(ni)z +05"2 = ZImIp —c2|nolP +¢3 20
i=1 =

=1

Choose
N -1
Cl = (Zlnl|p> FCZ = (anlp)_ll C3 = 2
i=1
N
D@ g - 1=1+220
i=1
N
= Z(m)2 +n5t2 =0
i=1
Then

Z ag(x,Mne =0

|a|<k
Since (n;)? = 0andn3*2>0.
Therefore, there exist at least one weak solution of the boundary value problem.

Example 3.4. Let h(n) be a continuous non decreasing function on R, f € L,(£2) and
suppose that ¢ > 0 exist such that |g(n)| < c(|n|* +) holds for all n € R(n €« R¥,N >

1,1 € %), where 7 is an arbitrary positive number for N = 2, we have

Prove that the Dirichelet problem for the formal differential equation
Copyright © 2024 IEEE-SEM Publications
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—Au(x) + h(u(x)) = f(x) on 0
has at least one weak solution.
Solution

We first determine the coefficients of a, as follows

—Au(0) + h(u(x) = z ax( )+h(u(x)) Z( 1)‘—(n)+h(n0) (3.4.0)

Comparing (3.4.0) this with (3.1.0), we have a; = n; and ay, = h(n,)

We now check to see whether example 4 with the coefficient above satisfy the

boundedness property. That is to show thata, € CAR*(p).
N N
ol = Iyl < ) ImilP < [gim + Inol? + Zw*]
i=1 i=i
Wherei = 1,2, ..., N.

|laol < ci(Inol)

g + Zmilp-ll

Wherec; =1, g;(x) =0, i =1,2,...,N.

Forp >N

N
la;| < c;(Imol) [gi(x) + Z|Tli|p_1]

From the coefficients obtained above, for p > N

@il = bl < BrolP™ < Y nolP* < ¢

i=1

N
9@ + lol? + Zw-l]

i=1

ci=19x)=0,i=12,.. N
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N N
a0l = 1h(10)] < coClnol + 1) < cy [InoIT+ 1+ ) P | < o |g0GO) + il +Z|m|”]
i=1 i=1

wherecy > 0,go(x) =1,7= %;P = 0.

Forp >N

N N
jail = il < ) InlP™* < cullnol) [gim + ol + Zw*]
i=1 i=1

wherec; = 1,g;(x) =0

N
lal = 1A(o)] < colnol [gom +Inol? + Zw]

i=1
wherecy, = |h(ny)| + |h(—t)| and go(x) =1
This shows that a, € CAR*(p),i = 0,1,2, ..., N.
Therefore, the boundedness property is satisfied
We now show that the potentiality condition
aep(x,m) = age(x,n)andnga.p(x,n) € CAR*(p) are satisfied

da; da a(h da; da; an;
i i 0 0

a. . =
Uooenp oy on;

Therefore a;;(x,n) = a;;(x,n) = 0,since a;;(x,n) = 0, then

mm+2mw1

N
i (e, = 0 = [ G| = 101 < ) il < eaClnoD)
i=1

wherei =0,1,2,...,N,¢c; = 1,g;(x) = 0.
Hence, the potentiality condition is satisfied.

Next we show that the monotonicity condition holds. That is
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> [aa(em) = au (6] 0o = ) 2 0

|a|sk

holds for all ,y € R™. But

D [ae(rm) = (1) (e = o)

|a|<k

N
= Z[ai(x,n) — a; e, 1m —v) + (a0 (e m) — ag(x,1)) (16 — Yo)
=

l

N
= > 0 =¥ 1 = v + (h(10) = h(¥0))(no = ¥0)
i=1

N
= "= 0% + (k10) = Ao = o).
i=1
then

Y laatem) =@, 0 — 7 20

|a|<k
Forn; > y; fori = 0,1,2, ..., N and also n; < y; since h(n) is a non-decreasing function.
Similarly if n; = y; fori = 0,1,2, ..., N, then the expression above is equal to zero.

Therefore

> [aaCom) = 2 (e 1] Gl = ¥a) 2 0

|a|<k
and the monotonicity condition is verified.

Finally, we show that the coercivity condition holds, that is

aQt MM 2 61 ) [al? + calnol? = 4
la|<k lal=k

But
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> a@mne = ) agxmn = i(m)m + hG1o)my

|a|<k |lal=k

N
= Z(m)z + h(Mo)7o
i=1

We have by substitution

N N
Z(m)z + h(Mo)no — ¢4 ZImIp —3|nolP +¢c3=20
i=1 i=1

Choose

-1

N
c, = (Zlni|p> ,6, =0,c5=1, since the problem is Dirichelet type
i=1

By substitution, we have

N N
D F R =1 =0+ 12 0= > (1> + h(no)n = 0
i=1 =

=1

Hence the coercive condition is satisfied

Therefore, the boundary value problem has at least one weak solution.

4. CONCLUSION

In conclusion, this research contributes to the understanding of weak solutions in the
realm of nonlinear partial differential equations. The variational method proves
instrumental in discerning the conditions for the existence and unigueness of such
solutions. Through the application of this method to specific examples, we gain valuable
insights into practical problem-solving. The study concludes with an assessment of the
benefits and limitations inherent in the variational approach for investigating nonlinear

boundary value problems in partial differential equations.
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