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ABSTRACT:

Elastic instability of structural materials of which buckling is a critical example has been in the search
light of investigations for a long time now. In this paper, we embark on a similar investigation
involving deterministically imperfect but clamped finite circular cylindrical shells. As the governing
equations are strictly nonlinear, we employ asymptotic and perturbation procedures in a purely
analytical approach to solve the problem. The imperfection and buckling modes are expressed in a
form of Fourier series and also in a form compatible with the boundary conditions.

The results show, among other things, that the number of buckling modes increases with higher
order perturbations. Using only the buckling modes in the shape of imperfection, the static buckling
load was also derived and was seen to be in a form characteristic of all cubic structures of which the
cylindrical shells are practical examples.

Keywords and Phrases: Buckling modes, static buckling, clamped, circular cylindrical shells,
perturbation and asymptotic methods.
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1. INTRODUCTION

This analysis is concerned with analytical investigation of the emergence of several buckling
modes as well as static buckling load of imperfect finite circular cylindrical shells with
clamped boundary conditions. Circular cylindrical shells under static and dynamic loading
conditions have been investigated for a long time now. In one of such early investigations,
Batdorf [1], presented a simplified method of elastic -stability analysis for cylindrical shells
while Amazigo and Frazer [2] studied the buckling, under external pressure, of cylindrical
shells with dimple-shaped initial imperfections. In yet another study, Budiansky and
Amazigo [3] investigated the initial post buckling behaviour of cylindrical shells under
external pressure while Lockhart and Amazigo [4] similarly investigated the dynamic
buckling of externally pressurized imperfect cylindrical shells. Relatively-recent studies on
the subject matter include Hu and Burguefio [5] who investigated elastic post-buckling
response of axially-loaded cylindrical shells with seeded geometric imperfection design,
while Kriegesmann et al. [6] studied size dependent probabilistic design of axially
compressed cylindrical shells. Investigations by Castro et al. [7] and Burguefio [8] on the
subject matter were particularly insightful.
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In this study, we shall assume cylindrical shells with arbitrary stress-free initial
displacement (which serves as the initial imperfection), while the cylindrical shells, as a
whole, are subjected to lateral or hydrostatic pressure. The magnitude of the imperfection is
assumed small compared to shell thickness, and, as in Ette and Chukwuchekwa [9], we shall
adopt asymptotic and perturbation techniques where all series expansions are made in
terms of the small magnitude of the imperfection e.

In most of the earlier investigations such as the ones by Koiter [10], it was assumed that the
imperfections could be taken in the shape of the classical buckling mode. This assertion is
not fully adhered to in this study. Rather, a judicious use is made of representations of the
imperfection and the normal displacement in terms of Fourier series and in a manner
compatible with the boundary conditions. Since one of our objectives is anchored on
determining the eigen buckling modes, we are not necessarily restricting the buckling modes
to be strictly in the shape of either the imperfection or classical buckling mode. In this way,
we are able to account for all the possible eigen buckling modes within the limit of accuracy
retained. Other similar investigations are seen in [11]-[18]

2. CIRCULAR CYLINDER EQUATIONS
The associated Karman-Donnell equations of equilibrium and compatibility equation [4]

governing the normal deflection W (X,Y) and Airy stress function F(X,Y) for cylindrical

Eh3
12(L—v2)’
the Young’s modulus and Poisson ratio respectively), mass per unit area p, subjected to
external pressure per unit area P are

shells of length L, radius R, thickness h, bending stiffness D = (where E and v are

DVAW +=F, yx = S(W + W,F) — P 2.1)
1 4 1 _ 1 -
SV =Wy = =S (WS W + W) (2.2a)
0<X<L 0<Y<R (2.2b)
W=W,=0 at X=0,m (2.2¢)

where X and Y are the axial and circumferential coordinates respectively and W (X,Y) is a
twice-differentiable stress-free and time independent imperfection. Except and perhaps
some terms on the right-hand sides of (2.1) and (2.2a, b, ¢) a subscript placed after a comma
indicates partial differentiation, while S is the symmetric bilinear operator given by

S(P,Q) = P,xx Qiyy+ Py Quxx— 2P.xy Q.xy (2.3a)
and V* is the bi-harmonic operator defined by
4 (9202
vi= (ax2 + ayz) (2.3b)

3. NONDIMENSIONALIZATION OF THE GOVERNING EQUATIONS
We now introduce the following non dimensional quantities
X 21 E w
h )

X ==, y=—7 EW = w=-— (3.1a)
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__L2RP _ L2 J12(1-0?) L2
A - m2p ’ A - TTRL ) f - T2R2 (31b)
A? h
K(f)—m, H_E’ 0<ex1 (31C)

We shall assume clamped boundary conditions and shall neglect boundary layer effects by
assuming that the pre-buckling deflection is constant so that we let

PR ay? ERh?L
F= _7(X2 + T) + (nZR(1+f)2)f (3.2)
_e(-9)

where is P the applied static load and 4 is the non-dimensional load parameter. The first
terms on the right-hand sides of (3.2) and (3.3) are pre-buckling approximations, while the
parameter o shall take the value a = 1, if pressure contributes to axial stress through the
ends, whereas a = 0, if pressure only acts laterally. On substituting (3.2) and (3.3) into (2.1)
and (2.2) and simplifying, we get

VAW = K(E) ot A5 W + €M)t EW + W),y | = —~HK()Sw + €W, f)  (3.4)

and

VH = (1 + )Wy = —HA + §)2S (W,%W + ev_v) (3.5a)
O<x<m 0<y<?2m, 0<eKl1 (3.5b)
w=w,x=0 at x=0,m (3.5¢0)

and where,
2
Vi= (3%2; +¢ %) (3.5d)
S(P,Q) = Py Q'yy+ Pryy Quxx— ZP'xy Q'xy (3.5e)

4, CLASSICAL BUCKLING LOAD
The classical buckling load A is the load required to buckle the associated perfect linear
structure and the required equations, from (3.4) and (3.5a) are

VAW = K(E) o+ A5 Woaat €,y | = 0 (4.1)

and
VA — (1482w, =0 (4.2a)
O0<x<m O0<y<2m, w=wy=0 at x=0,m (4.2b)

Based on the boundary conditions, the general solution to (4.1) and (4.2a,b) will be a
superposition of the form

w, f) = (@i, Bri)(1 — cos 2rx) sin ky (4.3)
where,

(ark' ﬁrk) 2 (0'0)
On substituting (4.3) into the left hand sides of (4.1) and (4.2a), we get
V*w, V4 ) = (@i, Bri) [—(167% + 8Er2k?) cos 2rx sin ky (4.4)
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Now, substituting for V*f from (4.4) into (4.2a) and after simplifying by first multiplying
the resultant equation by cos2mxsinny (for m,n fixed and positive integers), and
integrating from 0 to 1 (for x) and from 0 to 21 (for y), we get

B = 4(1+8)%m2amn
mn 4(m2+n?¢§)?
We next substitute (4.5) into (4.1), using V*w as in (4.4), multiply by cos 2mx sinny and
integrate as before to get
W[ (4m? +12)? — A(2mPa — n*§)] + 4K ()M*Brn = 0 (4.6)
By simplifying, we get
1= (am?(1+9))°K () +(am?+n?H*
T (2m2Za+n2§)(4m2+n2§)?

(4.5)

(4.7a)
That is

1= (4m?+n?&)*—(4mA)?

(2m2a+n2&)(4m2+n2§)2
where we have substituted for K () to get (4.7b).
Usually, m and n take the valuesm = 1,2,3, ... and n =0,1,2,3, ...
Batdorf [1] had assumed that n varies continuously, and so he minimized A with respect to
n. Thus, if 7 is the value of n that minimizes A, then, the value of 1 at i was taken as the

(4.7b)

classical buckling load A.. Thus, in this case, we get
(4m?+12&)*—(4me)?

Ac = (@mZa+n2§)(4m2+A2§)? (4.8)
If m = 1 is the nontrivial values of m and we let { =72¢, then
_ (a+)*-(40)?
€7 @at)(a+0)? (4.9)
Thus, the corresponding deflection and Airy Stress function are
_ 4(1+9)* _ A
w,f) = (1, 4r0)? ) a4 (1 — cos 2x) sinfiy (4.10)

5. SOLUTION OF THE FULL STATIC PROBLEM
In [4] where simply-supported boundary conditions were used, it was assumed that if the
edge effects could be neglected, then the imperfection w(x, y) could be taken in the form of
Fourier series expansions thus:

W(x,y) = @y, sinxsinny + X -1 k=0 (@mx Sin kY + by, cos ky) sin mx (5.1a)
(mk)=(1,n)
or
w(x,y) = Xm=1k=0(@mk sinky + by cos ky) sinmx (5.1b)
with,
by, =0 (5.1¢)
In our investigation concerning clamped boundary conditions, we shall take
w(x,y) = a(1l — cos 2mx) sinny (5.2)
and also assume the following asymptotic expansions
- O\ ;
w.f) =32, (%) € (53)
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On substituting (5.3) into (3.5a) and (3.4) and equating the orders of € (beginning with
(3.5a) in each case), we get

L(l)(f(l),w(l)) = V4f(1) -1+ f)zwv(;c) =0 (5.4)
0(©): { VWD — KL+ 2|2 (WD + B) it (WD +7),,, | =0 (5.5)
LO(FO,w@) = —(1+&)32H [S (W(l),%w(l)) +S(w®, W)] (5.6)
0(e?): LO(F@,w®@) = Thw® — g(&)F, D+ 2 EW(Z),MJr 6W(2>,yy]
\ = —HK@[s(w®, D) + s(w, fV)] (5.7)
o, { LO(F®,w®) = (1+&)2H [s (w<1>,§w<2>) +S (w<2>,§w<l>) + S(w(z),W)] (5.8)
' LO(F®,w®) = —HK (&) [5 (W(l),f,g)) +5(w®, F) + S(W,f(z))] (5.9)
etc.
where,
wd=wD=frO=rO_0 at x=0m i=123.. (5.10)

5.1 SOLUTION OF EQUATION OF ORDER €

For solution of (5.4) and (5.5) we let
1)
€ o W .
(‘}’(1)) =P | <f§1)”)> (1 — cos2rx) sinpy (5.11)
(r,p)
On assuming (5.11) we note that
_ (0
4., (1) I Wy, .
(%4‘}’(1)) = rp=123.. (}}o”)) [(—167* + 8¢ (1p)?) cos 2rx sinpy
(r.p)
+(&p?)%(1 — cos 2rx) sinpy] (5.12)
The aim is to choose r and p (positive integers) such that we have nontrivial values of w®
and £, On substituting (5.12) into (5.4), multiplying after by cos 2mx sin ny (for m, n fixed
and positive integers), we see that for r = m, p = n, we integrate to get

1 —4(1+E)2m2w((12,n)
f(m,n) - (4m2+n2§)2 (5.13)
Next, we substitute (5.12) and (5.11) into (5.5) (assuming (5.2)), multiply by cos 2mx sin ny

and for r = m,p = n, we integrate to get
[(4m? + n2E) — AQ2am? — )W | + 4m2K (@) FY | = A(@@ + 1)(2am? — n2é
(

(m,n) m,n)

On substituting for f((nll) in (5.14) from (5.13) we simplify to get

n)
1 A(@+1)(2am?-n?§)
W = e (5.15)
(4-m2 +n2 f)"’(m) —/I(Zamz —nz f)

where we have substituted for K(¢). At this stage, we get

w® = W((rln),n)(l — cos 2mx) sinny

2
fO = —0gw),, (1 = cos 2mx) sinny, €, = (220) (5.16)

(m,n) 4m2+n2é
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5.2 SOLUTION OF EQUATION OF ORDER €2
On substituting (5.16) on the right hand sides of (5.6) and (5.7) and simplifying, we get

and LY (f@,w@) = —4H(1 + §)?(mn)? (W(l)2 + 2awV )

(mn) (mn)

X [cos 2mx sin? ny + cos? 2mx sin? ny + sin? 2mx cos? ny]
— 2 2 (,,,(D? )] 1
= —4H(1 + ¢)*(mn) (W + 2aw ) [E cos 2mx(1 — cos 2ny)

(mn) (mn)

+ % (1 — cos 2ny + cos 4mx — cos 4mx cos 2ny)

+ % (1 + cos2ny — cos 4mx — cos 4mx cos Zny)] (5.17)
2 —_—
LO(f@,w®) = 8(mn)?0HK (£) (W) + AWy )

X [cos 2mx sin? ny (1 — cos 2mx) + sin? 2mx cos? ny]
_ 2 (1)? — (D 1
= 8(mn)*0O,HK (§) (W + 2aw ) [E cos 2mx(1 — cos 2ny)

(mn) (m,n)

+ i (1 + cos 4mx — cos 2ny — cos 4mx cos 2ny)

+ i (1 — cos4mx — cos 2ny — cos 4mx cos Zny)] (5.18)

It is clear from (5.17) and (5.18) that at this stage, there will be only two buckling modes
generated by the terms cos 2mx sinny and cos 4mx cos 2ny. From this stage onwards, we
shall assume
. @) 0)
(‘}/((Ll))) = Yrp=123. l{(:&%”’)) cospy + <ng‘p)> sin py} (1 —cos er)l (5.19)
1(r,p) 2(r,p)
Using (5.19), we note that

Viw® = Z?‘?p=1,2,3..[wl(8’,p){_(16r4 + 8&(rp)?) cos 2rx cos py

+&2p*(1 — cos 2rx) cospy} + wz(?r'p){—(16r4 + 8&(rp)?) cos 2rx sinpy
+&2p*(1 — cos 2rx) cos py}] (5.20a)

and
VA = Z??p=1,z,3..[f1((2,p){_(16r4 + 8¢ (rp)?) cos 2rx cos py

+&%p*(1 — cos 2rx) cos py} + fz((iz'p){—(l&"4 + 8&(rp)?) cos 2rx sin py
+&2p*(1 — cos 2rx) cos py}] (5.20b)
Thus substituting (5.20a) into (5.17) and multiplying by cos 2mx cos 2ny we see that forr =

m,p = 2n, we get

(2) — OF =@ )
_ (m2+H _1(ma+H)?
0, = 4(m?2+n2§)2 "’ 0, = 4 (m2+n2€) (5.20d)
Next, we multiply (5.17) by cos 4mx cos 2ny and for r = 2m,p = 2n, we get
f(z) = -0 (w(i)2 + 2aw® ) —ow? (5.21a)
1(2m,2m) 3 (mn) (mmn) 4"1(2m,2n) :
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_ (mn)2(1+8)%H [ 4m(1+8) \?
37 64(m2+n28)2’ 4 (16m2+4n2¢’) (5.21b)

We now substitute into (5.18) using (5.20a), multiply by cos 2mx cos 2ny and for r = m,
p = 2n, we simplify to get
Wit 2m [16(m? + n28)2 = 22(am? — 2n2§)] + 4m2K (§)fy (o 2m)
= 4(mn)200K (€) (W) + AWy ) (5.22a)

If we substitute for f1((2721 omy 1IN (5.22a), we get
1

2
-0 ( ((rern)"'Z‘_lW((rlrz ))+4(mn)2GOK(E)(W((:rz’nﬁdw(m‘n))

(2) _
1(m,2n) —

(5.22b)

w A
16(m2+n2§)2+(2m ) 0,—-2A(am?2-2n2§)

+§
Similarly, if we multiply (5.18) by cos 4mx cos 2ny, then for r = 2m, p = 2n, we simplify to
get
W [(16m? + n28)? — 44(2ma — n28)] + 16m2K () f, orm 2y
= 4(mn)20,K (&) (w((,il{n) +awin,) (5.23a)

On substituting for f1((22)m,2n)' in (5.23a) we get
(1)

2
~ K(E)®3<w(1) +zaw((;3nZn))+4(mn)2@4k(f)< gfn)mw(m_n))

2) (mn)
w = 5.23b
1(zm.2n) (16m2+4n2$)2+( f) 04—4A(2am?2-n2¢) ( )
We can further write W1((1)n,2n) and Wl(%m,Zn) as
() A (1)? ~ (1)
Witmzn) = G)5W(m,n) + G)GaW(m.n) (5.23¢)
and
() — (1? = (1)
Wieman) = ®7W(m,n) + G)8aw(m,n) (5.23d)
where,
(2mnA)?©yHK(§)-0
0 = — - 1 — (5.23e)
16(m?+n?§) +( +§) 0,-2A(am?-2n2¢)
2 _
@6 _ (ZmnA)anqOHK(f) 204 (5-23f)
16(m2+n2§)2+(2 E) 0,-2A(am2-2n2§)
2
@7 — K(E)®3+(2:Z:A) 04—HK(E)®0 (523g)
16(m2+n25)2+( {) 0,-2A(am?2-2n2§)
2mA O, H— 0
@8 — (1+f)2m: (1+€) 3 (5.23h)
16(m2+n2§)2+(2 E) 0,-2A(am2—2n2§)

Thus, at this order of perturbation, there are just two buckling modes with their
corresponding Airy stress functions and these are

1%)11 om (1 — cos 2mx) cos 2ny and W1(8m,2n)(1 — cos 4mx) cos 2ny
with respective stress functions given as
f((zrzl amy(1 — cos 2mx) cos 2ny and f((zz)m om) (1 — cos 4mx) cos 2ny
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5.3 SOLUTION OF EQUATION OF ORDER €3
We now substitute on the right-hand sides (5.8) and (5.9) and simplify to get

1 3 3))\ _ H(1+&)?(mn)? (€] (2) = (2) ;
JA¢ )(f( ) w( )) = [{20 (W(mn)wl(m ) + aw(m_Zn)) (1 — cos 2mx sin 3ny

—2 cos 2mx sinny — cos 4mx sin 3ny + cos 4mx sinny)}

+ {16 (W((;z),n)wfgz)m,zn) + angm,Zn)) (cos 2mx cos ny — cos 2mx cos 3ny

— cos 6mx cos ny + cos 6mx cos 3ny)}

+ {16(W((71n)n)wl(8m’2n) + C_lwl(am,Zn))(_ cos 2mx cos ny + cos 2mx cos 3ny

— cos 6mx cos ny + cos 6mx cos 3ny)}

{32W((;)n)wl((1)n 2m) (sin 3ny + sinny — cos 4mx sin 3ny — cos 4mx sin ny)]

{BZW&)H) ((Zz)m ) (cos 2mx sin 3ny + cos 2mx cos 3ny

— cos 6mx cos 3ny — cos 6mx cos ny)}] (5.24)
and

_ HK’(f)(mn)2 L @ (2) (1)
L(Z) (f(g)' W(3)) - [{16(W(m n)f 1(m, Zn) 1(m Zn)f(m n))

D (@ w® (€Y () :
+4(W(m‘n)f 1man) T Wigm, 2n)f(m n)) + 8af; 1m, 2n)}(—l — 2 cos 2mx sin 3ny
— 2c0s 2mx sinny — cos 4mx sin 3ny + cos 4mx sin ny)

(O ) w® €Y
+ {16(W(m'n)f 12mazn) T Wiem, 2n)f(m n)) + 4af 12m, 2n)}(cos 2mx cos ny
— cos 2mx cos 3ny — cos 6mx cos ny + cos 6mx cos 3ny)

1 £ w® (€Y = (2) : ;
+ {16(W(m'n)f 1mzn) T Wi, 2n)f(m n)) + af1(2m,2n)}(5m 3ny + sinny
— cos 4mx sin 3ny — cos 4mx sinny)

@®O 2 (2) €Y =(2)
(32w SO + WiCman o T 8 Soman)
x (cos 2mx cos 3ny + cos 2mx cos ny — cos bmx cos 3ny

— cos bmx cosny)]| (5.25)

From the simplifications on the right hand sides of (5.24) and (5.25), it is obvious that there

(3)

i(rp) With their respective

will be eight distinct and nontrivial eigen buckling modes namely w;

Airy stress functions fl(r )+ These buckling modes correspond to the following terms on the

right hand sides of (5.24) and (5.25):
cos 2mx cosny, cos2mxsinny, cos2mx cos3ny, cos2mxsin3ny, cos4mxsinny,
cos 4mx sin 3ny, cos6mx cosny and cos6mx cos 3ny.
Next, we substitute (5.20a,b) into the left hand side of (5.24) multiply by cos 2mx cos ny and
integrate and for r = m and p = n, we get, after simplification

@ @ 2m2 1)
3) 8H(1+€)2(mn)2w(mn)w (2mzn)~ A+ MWy
Fianmy = T = (5.26a)
If we simplify (5.26a), we get
@ _ €y (1?2 = (1) 3
Fignm = OWann) (@7W(m,n) + ®saw(m,n)) — 010W;(mm) (5.26b)
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where,
_ 8H(1+§)%(mn)? _ 40+89?m?
0y = (4m2+n2§)2 '’ 010 = (4m2+n2§)2 (5.260)
Next, we multiply (5.24) by cos 2mx sin ny, integrate, and for r = m,p = n, we get
@ __ 10(1+&)%(mn)? (w((}%n)wﬁznlzm+dw§%2n12n))—4m2(1+€)2 W;?B,n‘n) (5.272)
2(m,n) (4m2+n2§)2 '
On substituting for W1((21)n n IN (5.27a), we get
B _ (1? =1 =1, @ 3)
where,
10HmM?2(1+§)?
@11 = W (527C)
Next, we multiply (5.24) by cos 2mx cos 3ny, integrate, and for r = m, p = 3n, we get
® ©)) 2 2,,3)
@) 8H(1+§)2(mn)zw(m‘n)wl(mJZn)—élm 1+ Wi am)
Franmy = AmE+onZE)E (5.28a)
On substituting for W1((22)m,2n) in (5.28a), and simplifying, we get
3) _ €y (1?2 €8] 3
1(m'3m) - @12W(m'n) <®7W(m'n) + ®8W(m,n)) - @13W1(m'3n) (5.28b)
where,
_ 8H(14&)%(mn)? _4(1+8€)%m?
0:2 = (4m?+9n2§)2 ’ 013 = (4m2+9n2§)2 (5.280)

We next multiply (5.24) by cos 2mx sin 3ny, integrate, and for r = m, p = 3n, we get

(3) _ —5H(1+€)2(mn)2(w((rlrz'n)wﬁzn‘zm+c_lw§%3n’2n))—4m2(1+$)2 Wé?n,sn) (5 29a)
2(m,3n) (4m2+9n2¢&)2 :
On substituting for W1((27)n o I (5.29a), we get
(3) — (1? =D =40 (3)
where,
_ —5H(1+&)%(mn)?
014 = —amZron?e? (5.29¢)
Next, we multiply (5.24) by cos 4mx sinny, integrate, and for r = 2m, p = n, we get
3) _ H(1+€)2(mn)z{s(w((:rz,n)wﬁin,zn)+aw§2m,2n))+8W((rlr2,n)W§3n,2n)}_16m2(1+$)2 Wé?;m,n) (5 303)
22mn) (16m2+n2§)2 :
On substituting for Wl((zr)n om) 1N (5.30a), we get
B _ (1? =1 =1 (3)
fZ(Zm,n) - @15 [5 (®5W(m'n) + ®6aW(m,n)) (a‘l‘W(m’n) + 8)] - 616W2(2m,n) (5.30b)
where,
_ H(1+8&€)2%(mn)? _16(1+8€)?m? 530
157 (16m2+9n2§)2’ 16 ™ (16m2+9n2¢§)? (5:300)
On multiplying (5.24) by cos 4mx sin 3ny and integrating so that for r = 2m,p = 3n, we get
@) _ SSHOHE? mn) (Wi oy Wiy 83 2y ) =16 A2 WED 1y (5.31a)
2(2771,371) (16m2+9n2€)2 *

On simplifying (5.31a), we get
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®3) — (1? e =@ ®3)
f2(2m,3m) - @17 (@15W(m,n) + ®6aW(m'n)) (a+W(m,n)) - 916W2(2m,3n) (5.31b)
where,
_ _ 5H(1+§)?(mn)?
0.7 = (16m2+9n2§)2 (5:310)
Next, we multiply (5.24) by cos 6mx cos ny, integrate, and for r = 3m, p = n, we get
3) _ 8H(1+§)2(mn)z{(w((;z_n)w(%)m' n)+dw(%)m_ n))—w((rlrz'n)w(?m’ n)}+36m2(1+f)2 w(?)m'n)
f(gm'n) — [ 1(2m,2 (;62m22+n25)2 1(2m,2 1(3 (5'32a)
. . 2 .
After substituting for Wl((z)m,Zn) in (5.32a), we get
3) — (n? e = € 3)
13mm) _618 [(®7W(m,n) + G)Saw(m,n)) (a+2w(m,n))] - ®19W1(3m,n) (532b)
where,
_ 8H(1+&)2(mn)? _ 36(1+8)?m?
018 = (36m2+n2&)2 '’ 197 (36m2+n2¢)2 (5.32¢)
Lastly, we multiply (5.24) by cos 6mx cos 3ny and for r = 3m, p = 3n, we get
(3) — H(1+$)2(mn)z{4(Wgrlr3,n)wgam,2n)+aw§2(%m,2n))_8WE11n),n)W£2(;m,2n)}_36m2(1+$)2 Wﬁ;mBn) (5 33a)
1(3m,3n) (36m2+9n2¢&)2 .
On substituting for W1((22)m oy 1D (5.33a), we get
3 _ (1?2 = (1) =@ 3
1(3m'3m) - 4’@20 <®7W(m,n) + @8aW(m’n)) (a_W(m’n)) - @21W1(3m’3n) (5.33b)
where,
_ HA+£&)?(mn)? | 36(1+8€)*m?
020 = (36m2+9n2¢§)2’ 021 = (36m2+9n2§)2 (5:339)

Next, we substitute on the left hand side of (5.25) using (5.20a), thereafter multiply by
cos 2mx cos ny and note that for r = m,p = n, we get, (without further simplification )

(222) {oow oy (07w 0wy 1 (n2) {1 (28 a2 (Wi Do
W(3) _ +W§%)2m,2n)f8r3,n))+9af§2m,2n)]} (534)
1(m,n) (4m2+n25)2+@10(%)2—/1(2am2 -n2§)

| |

We can easily simplify (5.34) by substituting the relevant terms there.
On multiplying (5.25) by cos 2mx sinny , we get

FHK (§)(mn)? n @ (1) o 2 2 (D
2 [16(W(m,n)f1(m,Zn)+Wl(m,Zn)f(m,n))-'-4'(W(m,n)f1(m,2n)+W1(m,Zn)f(m,n))—I
—£(2) 2mA\? (1) N CO RN VRN €]
w® +88/() 1y |H(T55) ©11(05W iy +@6aW () )@+ W 1)) (5.35a)
= 2 .
2(mn) 4(m2+n25)2+®10(%) —A(2am?2-n2¢§) J
Further simplification of (5.35a) yields
r_ 2 3 2
M[ZOW&BM(9005—@1—@2@5)+W((;1)'n){20(@0066+®O®2d—2691)+8d(®1—®2@5)}]
ch) - 1. (2mA)2 €h) ) (54, @
W(3) — +8aw(m,n)(291‘1_@2@6‘1)]4'(%) 911(Osw(m.n)+®6aw(11n,n))(a+w(11n.n)) | (5 35b)
2(m.n) (4m2+n2$)2+®10(%)2—A(2am2—n25) Jl
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Next, we multiply (5.25) by cos 2mx cos 3ny, and for r = m,p = 3n, we get
[HE© ) [4(w sy T a2 )+ 7 Smz |
2mA ® 1)? aw D
® |G {@ﬂwtmn)(@W(mn>+®8“W<r1nn>)} | (5.36)
1(m,3n) 4(m2+9n2€)2+®13(1+€) —-A(2am?2-9n2¢)
Next, we multiply (5.25) by cos mx sin 3ny, and for r = m, p = 3n, we get
HK(E) (mn)z[lo( Erlrgn)fgz(zn 2n) gz(zn 2n)fErlr3n))+4af§2(2n,2n)]
2mA\2 1? (€8] (1)
3) _ ‘(Tg) @14{(95W(mn)*eéaw(m.m)(“‘”(rlnn))} (5.37)
2(m,3n) — 4(m?249n2&)2+0 (ﬂ)z—A(Zamz—‘)nzf) .
| o |
Next, we multiply (5.25) by cos 4mx sinny, and for r = 2m, p = n, we get
2[5 smany W5z ) 2 sma |
m. 2 —
@) 21+? [@15{(5®5w((n3n)+®6aw(( ) ))(a+8+w83’n))}] 2
2(2mn) = 16m2+n28)2+0,4(224) ~A(16am2—n2 (>38)
(16m2+n2§) 16(1—+5) (16am?-n2¢)
Next, we multiply (5.25) by cos 4mx sin 3ny, and for r = 2m, p = 3n, we get
[HK mn)?2 _ 7
L[”( G 1y WA Gz ) #5520
2mA 1)? (1) (€]
3) -(55e) {917(915“’(;1.11)+96“W(rln,n))(“+w(rlnn))} £ 39
Waem3n) = A | 3 2 (5.39)
(16m2+9n2§) +®16(1—+§) —A(2am2—-9n2§)
Next, we multiply (5.25) by cos 6mx cosny, and for r = 3m, p = n, we get
_HK(f)(mn)z[lz( grlr?n)fgz(;m 2n)+ gz(%m Zn)fgrln?n))-i_gafl(Zm Zn)]—l
3mA)? OF € o
3) +(T€) {@18(@7W(m'n)+®8aw(1}nn))(a+2w(mn))} 5 40
W1(3m n — 2L 22 3mAa\2 9am2 nZ ( ' )
(B6m24n2£)240,5(00) 220 p2¢ )
Lastly, we multiply (5.25) by cos 6mx cos 3ny, and for r = 3m, p = 3n, we get
[HK(E)(mn) [4( Erlzn) g%)2m3n) g?ZmZn) E'}r?n))-i_saf(mn)]—l
3mA 12 (1) ()
3) ‘(%) {4®2°(®7W(m,n)+98“""(mn))(“ W(rlnn))} 5 41
22mmn) — 5 2 202 3ma\2 1 9am? 2 (541)
(36m2+9n2§) +®21(Ts) - ( —9n f)

As a summary so far, we can write the displacement (i.e. eigen buckling modes) and the

respective Airy stress function as

( 1

w

f

—_ [ Ymmn
=€

)= (3
+€2 [(
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> (1 — cos 2mx) sinny
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1(m,2n)
(2)
1(m,2n)

> (1 — cos 2mx) cos 2ny
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W(3) W(Z) W(3)
+e2 3 o™ Jcosny +| 25 |sinny ¢ (1 — cos 2mx) + f(13()’"'3") cos 3ny

1(m,n) 2(mn) 1(m,3n)
HO) w®
+| 2o ) sin3ny ¢ (1 — cos2mx) + | 5™ ) (1 — cos 4mx) sinny
f

(3)
2(m,3n) 2(2mn)

@) @
+ (WZ(Z’"'3”)> (1 — cos4mx) sin 3ny + <‘:(13()3m")> (1 — cos 6mx) cos ny

(3)
2(2m,3n) 1(3m,n)

o
+ ( 1(3'”'3”)) (1 — cos 6mx) cos 3nyl + (5.42)

(3)
1(3m,3n)

A diagrammatic representation of the eigen buckling modes can be seen in Figure below:

w) ) (L—cos2mx)cosny

W), o, (L—cos2mx) cos3ny

W), oy (L—cosmx) cosny

Wff%,n) (1—cos2mx)cosny
WL, 5y (L= COSBMX) cos3ny
w® - (1—cos2mx)sin ny

(m,n)

P
«

Buckling mode of order €

»
»

W0, 2ny (L—COS 2MX) COS 2y

win o (L—cos2mx)sinny

Wi o @— cos2mx)sin3ny

—>

< »

Buckling modes of order €2

Wi oy (L= Cos4mx)sinny

W) o (L—COS 4mx)sin3ny

»
»

Bugkling modes of order €3

<

Figure 1: The Bifurcation “Tree”
Showing a diagrammatic representation of the splitting of eigen buckling modes at various orders of

perturbations and various degrees of nonlinearities.
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6. STATIC BUCKLING LOAD
The static buckling load A5 [9] is determined from the maximization

a_ g (6.1)

aw
for the displacement as per equation (5.42). However, the analysis is significantly simplified

if we take only the buckling modes in the shape of the imperfection. In this respect, the
displacement becomes

w = Ewgrlg_n)(l — cos 2mx) sinny + 63W5:2n,n)(1 — cos 2mx) sinny + - (6.2)
We note form (6.2) that terms of order €2 do not contribute in this case.
We shall next determine (6.1) at the critical values of x and y where w has a maximum value.

ay s A s iy
These critical values are x, = o Ya =5 where x, and y, are the critical values of x and

y respectively. The value of w at these values is

W, = Zewgrlrin) + 263"";3(1)11,11) + o (6.3)
As in [9], we shall reverse the series in (6.3) and so we see
€ =dw, +ds;wi+ - (6.4a)
Meanwhile, we set
W, = C1€ + c3€3 + - (6.4b)
where,
1 = 2W8r3,n) , C3 = ng?gn,n) (6.4c)

By substituting (6.4b) into (6.1) and equating the coefficients of powers of orders of €, we

get
-1 —_%
d, = o d; = o (6.52)
The maximization (6.1) is now easily executed from (6.4a), where w, is now being

substituted for w and this yields

dy +3d3wl, = 0 (6.5b)
where wZ, is the value of w/ at static buckling and
d
Wi, = 2 (6.50)

On substituting for d; and d5 in (6.5¢) and (6.5a), we get

— C13 6.6
Was_ E ()

where we have taken the positive value of w,. The static buckling load 4, is determined by

determining (6.4a) at static buckling load, where

€ = wg [dy + dawi] + - (6.7a)
This yields
1
— 2 (&)
-5 o

Now, the component of C; coming from the buckling modes that are in the shape of
imperfection is from (5.35b) and this yields
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H(2mA\? 3
3) 7(21%) [ZOWffrf,n)@ﬁ@z@s—@o@g)]

w = 6.8a
2(m.n) (4m2+n25)2+@10(%)2—A(2am2—n2§) ( )
where, we have substituted for K(§). We can further simplify (6.8a) as
(13
3 O22W(m,m)
w. = 6.8b
2(m.n) (4m2+n2$)2+®10(%)2—1(2am2—nzf) ( )
where,
A 2
0,, = 10H (fng) (0, + 0,05 — 0,05) (6.8¢)
and where we have substituted for K (£).
On substituting for terms into (6.7b), we get
1
2 B \2
€=—-7—(— 6.9a
3\/§ ngn) (@22) ( )
where,
2
B = (4m? + n26)? + 0y, (%) — AQ2am? — n2§) (6.9b)
We recall that
2m(1+8)\2
010 =00 = (4m2+n2§’) (6:9¢)
On substituting for w((;l) ayin (6.92), we get
3
! 3
(4m? + n2)% + 0, (%) — As(2am? — nzf)]z =3B i@+ Dam? =n%)  (6.10)
202,

1

which gives an implicit formula for determining the static buckling load A5. Hence, G)g2 serves

1

as the imperfection - sensitivity parameter and is such that if @32 > 0 the structure is

1
imperfection - sensitive whereas for 83, < 0, the structure is imperfection - insensitive

7. DISCUSSION OF RESULTS
We observe from the results so far that the number of buckling modes generated at any stage
depends on the order of perturbation involved or on the degree of the nonlinearity of the

equations solved. Thus, at the linear stage (that is equations of order €), there is only one
(€Y

buckling mode, namely w,," »,

whereas at the level of quadratic nonlinearity of the equations,

(that is equations of order €?) there are two eigen buckling modes. Similarly, at the level of
cubic nonlinearity (that is equations of order €?), there are eight Eigen buckling modes. We
expect the number of buckling modes to increase further as the degree of nonlinearity of
equations solved increases, that is, at a higher level perturbations.

The resultin (6.10) is characteristics of all cubic structures [3] of which cylindrical shells are
typical examples.
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FigureZ2: The graph of static buckling load A, against imperfection €, where m=1, n=1, a=1, A=0.02,

H=0.02,a = 0.002, and §=0.8 .

8. CONCLUSION

We have presented an analytical approach in solving a problem that at the best of time, is
normally solved or treated numerically. We have tacitly assumed that the magnitude of
imperfection is small compared to small thickness. However, the complexity of the
perturbation procedure increases with increased order of perturbation and nonlinearity of
the problem.

Acknowledgement: The immense contribution of my mentor, Prof A.M. Ette, who
painstakingly went through this article, is hereby acknowledged and appreciated.

REFERENCES

[1] ]J.B. Batdorf, A simplified Method of Elastic - Stability Analysis for Thin Cylindrical Shells,

2]
[3]
[4]
[5]

[6]

NACA Report 874,(1947)

J.C. Amazigo and W.B. Frazer, Buckling under external pressure of cylindrical shells
with dimple-shaped initial imperfection, Int. ]. of Solids Structure. 7,883 - 900, (1971)
B. Budiansky and J.C. Amazigo, Initial post buckling behavior of cylindrical shells under
external pressure, ] .Maths Physics, 47(3), 223 - 235, (1968)

D, Lockhart and J.C. Amazigo, Dynamic buckling of externally pressurized imperfect
cylindrical shells, of Appl. Mech. 42(2), 316- 320, (1975)

N. Hu and R. Burguefio, Elastic post buckling response of axially loaded cylindrical
shells with seeded geometric impertection design, Thin -Walled Structures, 74, 222 -
231, (2014)

B. Kriegesman, M. Mohle and R. Rolfes, Sample size dependent Probabilistic design of
axially compressed cylindrical shells, Thin - Walled Structures, 96 256 - 268, (2015)

Copyright © 2024 IEEE-SEM Publications



IEEE-SEM, Volume 12, Issue 2, February 2024
ISSN 2320-9151 76

[7] S.G.P. Castro, R. Zimmemann, M.A. Arbelo, R. Khakimova, M.W. Hilburger and R.
Degenharft, Geometric imperfections and lower - bound methods used to calculate
knock - down factor of axially compressed composite cylindrical shells, Thin - Walled
Structures, 74,118 - 132, (2019)

[8] R. Burguefio, N. Hu, A. Heeringa and N. Lajnef, 7ailoring the elastic post buckling
response of thin — walled cylindrical shells under axial compression, Thin - Walled
Structures, 84, 14 - 25, (2014)

[9] A.M. Ette and ].U. Chukwuchekwa, On the static buckling of an externally pressurized
finite circular cylindrical shells, Journal of the Nigerian Assoc. of Mathematical Physics,
11,373 -332, (2007)

[10] W.T.Koiter, On the stability of elastic equilibrium, (i.e. Dutch), thesis, Delft, Amsterdam,
1945; English translation issued as NASA TTF. 10, PP. 838, (1967)

[11] Ette, A. M. and Chukwuchekwa, ]. U., On the static buckling of an externally

pressurized finite circular cylindrical shell, ]. of Nigerian Assoc. of Math. Physics, 11,
323 -332, 2007.

[12] A. M. Ette, ]. U. Chukwuchekwa, I. U. Udo-Akpan and Onuoha, N.O. (2020); A Multi-
Timing Perturbation Analysis of the deformation and Dynamic Buckling of a Viscously
Damped Toroidal Shell Segment Stressed by a Step Load, /0SR Journal of Mathematics
(I0OSR-J/M), 16(4), 40-59.

[13] A. M. Ette, J. U. Chukwuchekwa, N.O. Onuoha, and I. U. Udo-Akpan (2020); On the
Deformation and Static Buckling of a Toroidal Shell Segment using a two-term Fourier

series imperfections, International journal of Mathematics Trends and Technology
(IIMTT), 66(8),100-114

[14] G. Ozoigbo, A.M. Ette, ]. Chukwuchekwa, W. Osuji, .U. Udo-Akpan (2022); On the Analysis
of a Pre-statically Loaded Nonlinear Cubic structure Pressurized by an Explicitly Time

Dependent SlowlyVarying Load, American Journal of Mechanics and applications, 10(1),
1-15

[15] G. E. Ozoigbo, AM. Ette, ].U. Chukwuchekwa, W.I. Osuji, L.U. Udo-Akpan (2023);
Nonlinear Analytical Investigation of Dynamic Buckling of Spherical Shell Trapped
Under a Periodic load, Mechanics of Solids, Springer Link, 58, 202-215.

[16] Obong, H.P. and UdoAkpan, 1.U. (2023); A Review of Tensor Interaction in the Theory of
Potential Models, Scientia Africana, 22(3), 11-22.

[17] 0.G. Udoaka, U.J. Etim and I.U. UdoAkpan, (2024) Efficient Solution of
Nonhomogeneous Linear Differential Equations with Constant coefficients: the method
of undetermined coefficient approach, IEEE-SEM, 12(1), 21-36

Copyright © 2024 IEEE-SEM Publications





